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1 Introduction 

This paper is a response to a conjecture by T. Akita about an integral Riemann-Roch theorem for 
surface bundles, [4], [5]. 

Let 7r: E — > B be an oriented surface bundle with closed fibers of genus g, and equipped with 
a fiberwise metric. Let Tt(E) be the associated Hodge bundle with fibers H 1 {E\ 1 \ R). It becomes a 
^-dimensional complex vector bundle with the complex structure induced from the Hodge star operator, 
so is classified by a map from B to BU(g). The element 

n!ch„ e H 2n (BU(g);l) 

defines a characteristic class of the Hodge bundle and we set 

s n (E) :=n!cK(H{E)) e H 2n (B;Z). (1.1) 

They are torsion classes for even n by [12], but not for odd n where we shall compare them with the 
standard Miller-Morita-Mumford classes 

K n {E) :=K*(c x {T*E) n+x ) e H 2n (B;Z). (1.2) 

The Grothendieck Riemann-Roch theorem, or the family index theorem of Atiyah and Singer, yields 
the relation 

s 2n -i(E) = {-l) n - 1 {B n /2n)K 2n _ 1 {E) in H*(B;Q), (1.3) 
cf. [28], [29]. The Bernoulli numbers are defined by the power series 
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l + J2(-l) n - 1 B n /(2ny.z 2n . 
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Clearing denominators in (1.3), T. Akita made the following conjecture in [4]: 
Conjecture (Akita). In H*(B;Z), 

Denom(B/2n)s 2n - 1 (E) = (-l) n_1 Num(B n /2n)K 2n -i(E). 



The conjecture was verified in [5] for some special values of n, but it turns out to be incorrect in 
general. A counterexample is given in sect. 7 below (for n — p, an odd prime), but there are many 
other counterexamples and the conjecture is incorrect even in H*(B;¥ P ). 

On the positive side however, one can replace the standard classes K n (E) by another set of integral 
characteristic classes which I shall denote R n (E). In rational cohomology they differ from K n {E) only 
by a sign: 

R n (E) = {-l) n K n (E) in H*(B;Q), (1.4) 

and moreover, Akita's conjecture becomes correct when we substitute the k„ classes with R n . More 
precisely we shall prove 
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Theorem A. (i) In H in ~ 2 (B; Z), 

2Denom(B n /2n)s 2 „-i(E) = 2(-l)" Num(B n /2n)K 2 n-i(£). 

(ii) In cohomology with p -local coefficients, the difference n n {E) — (— l) n R n (E) is a torsion class of 
order p. 

Remark 1. The extra factor 2 is unfortunate, and could possibly be removed with a more detailed 
consideration, cf. [17]. 

The classes K n {E) are not as simple to define as the standard classes K n (E). I owe the following 
description to Johannes Ebert, [14]. Given an oriented surface bundle (with compact fiber), and 
equipped with a fiberwise Riemannian metric, one has the fiberwise 9-operator 

8: C°°(E;C) -» C°°(E; T®' X E). 

The target consists of sections in the conjugate dual of the fiberwise tangent bundle, i.e. 

T^E - 1 = Hom c (T^C). 

The index bundle of B is C — Ti{E). More generally, one may twist B with a complex vector bundle 
W on E to get 

B w ■ C°°(E; W) -> C°°(E; T^E ® W). 
The classes K n {E) are then given by 

R n {E) = n\ ch„ (index Bw), (1-5) 

where W = T n E — C and index(<9w) is the (analytic) index bundle over B. (Its class in K(B) is 
independent of choice of connection on W when W is not holomorphic.) The index theorem gives a 
different description of index(<9w), better suited for our purpose. 

Surface bundles with connected fibers of genus g are classified by BDiff(F g ) ~ BT g , where T g is the 
mapping class group. The proof of Theorem A depends on the homological description of the stable 
mapping class group in terms of the cobordism space MT(2) = 0°°CP2?i from [25]. In particular 
the Madsen- Weiss theorem is needed for the counterexample to Akita's conjecture. 

An oriented surface bundle tt : E — > B induces a "classifying map" 

otE ■ B — > 0°°MT(2) 

and the classes n n (E), R n {E) and s n (E) are pull-backs of universal classes K n , 4 and s n in the integral 
cohomology of Q°°MT(2). The analysis of the relationship between these universal classes uses infinite 
loop space theory and the theory of homology operations associated with this theory. 
The paper is divided up into the following sections: 

1. Introduction 

2. Embedded surface bundles 

3. The fiberwise 9-operator and its index 

4. The main diagram 

5. The key lemma 

6. Proof of Theorem A 

7. Discussion of Akita's conjecture 

8. Appendix on p-power operations 
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2 Embedded surface bundles 



By Whitneys's embedding theorem, a smooth manifold bundle tt : E — > B with closed fibers admits a 
fiberwise embedding 

E c ► BxR N 




for some N, and the embedding is unique up to fiberwise isotopy if N is sufficiently large. 

There are obvious advantages of considering embedded fiber bundles: pull-backs become functional, 
and the fiberwise (or vertical) tangent bundle T^E inherits an inner product from the standard metric 
on euclidian space. Assuming further that n : E — ► B is an oriented surface bundle, in the sense that 
T^E is oriented, one gets a complex structure J: T^E — ► T 71 E by rotating vectors by 

The fiberwise normal bundle of the embedding, 

N*E = {(z,v) e E x R N | v _L T n E z }, 

maps toBx M. N by sending (z,v) to i(z) + (n(z),v). By the tubular neighborhood theorem, we may 
assume that this map restricts to an embedding of the unit disk bundle D(N' K E), cf. [17, §3.2]. 
Given an oriented embedded surface bundle, one gets a diagram of vector bundles 



->U; 



2.JV-2 



N*E- 
p 

E- 

where G(2, N — 2) is the Grassmann manifold of oriented 2-planes in 



(2.1) 



->G(2,JV-2) , 



Ut,N-2 = {(V,v) \VGG(2,N-2), v±V}, 

t(z) = TEn( z ), 
t(z,v) = {TE n{z) ,v). 

Taking TV = 2n + 2, we have the embedding of complex projective n-space CP™ into G(2, 2n) by a 
(2n — l)-connected map, and a pull-back diagram of vector bundles 



2,2n 



CP I; 



^G(2,2n) . 



For n large enough, t: E — > G(2, 2n) is homotopic to a map that factors over CP™, and (2.1) can be 
replaced by the diagram 

i 



N^E- 
v 

-4" 

E — 



^CP™ 



(2.2) 



One consequence of (2.2) is that we may assume that E is a complex vector bundle. Alternatively 
a complex structure can be seen as follows: if E C B x R™ +2 is a fiberwise embedding with vertical 
normal bundle N*E, then T^E C B x TW l+2 has complex normal bundle q*(N w E® VL C), where q is the 
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bundle projection of T^E, [7], [9], and E C T 7 ^ C B x TR™+ 2 has normal bundle © (TV 7 ^) ® R C 
; this is a complex vector bundle. 

For the rest of the paper, a surface bundle 7r : E — > B will mean an embedded oriented surface bundle 
E C B x M 2 ™+ 2 with compact fiber and complex vertical normal bundle, such that the standard map 
N*E — > S x M 2 ™+ 2 restricts to an embedding of the unit disc bundles D(N n E). The integer n is not 
part of the structure: E C B x R 2 ™+ 2 is identified with E cB x R 2n + 4 . 

The diffeomorphism classes of such surface bundles are in bijective correspondence with the set 
of homotopy classes [B, BDiS(F)}, where F is the fiber surface and Diff(F) denotes the topological 
group of orientation preserving diffeomorphisms, cf. §2.1 of [18]. 

For such a surface bundle, we can apply the Pontryagin-Thom construction on the embedding 

D(N*E) ^ B x M 2 "+ 2 , 

giving the map 

c E : B + A S 2n+2 -» Th(N n E) := D(N w E)/d . (2.3) 
There is an induced push-forward map 7r* in if-theory defined by the diagram 

K{E) — K(Th{N*E)) 

TV, (CE)* 

K(B) K(B+ A S 2n + 2 ) , 

where $ denotes the isT-theory Thom isomorphism. It depends on the choice of Thom class; we use 
the class from [6, §2.7]. 

Let ch„ : K{B) — > H 2n (B; Q) be the n'th component of the Chern character, and 

s n = n\ ch„ : K{B) -> H 2n (B; Z) 



the accompanying map into integral cohomology. The classes that appear in Theorem A have the 
following alternative description 

Sn (E) = (-ir Sn (Mi)), 

k n (E)=s n (^([T lr E]-l)), 

where T^E is conjugate to (T*E, J) and isomorphic to the vertical complex cotangent bundle Home (T^E, C). 

The relationship between (2.4) and the description given in the introduction is the index theorem 
[9]. This is discussed in the next section. 



3 The fiberwise 9-operator and its index 

This short section explains the family index theorem for the fiberwise 9-operator. This is well-known 
for the experts, but I will include some details for the more inexperienced reader. 

Let V be a vector space with inner product and isometric complex structure J: V — > V, J 2 = — id. 
The involution <f> *—> iifiJ^ 1 on Homc(T^, C) decomposes into ±1 eigenspaces 

Hom R (y, C) = Horned C) © Hom c (F, C) 

where on the right hand side V — (V, J) and V = (V, J -1 ). The subspace Hornby, R) sits diagonally 
in the direct sum, and the projections define isomorphisms 

Hom K (F,R) = Hom c (F,C), Hom K (V,R) = Hom c (F,C). (3.1) 
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The two isomorphisms are given by ^ 1/2(0 + i(j)J 1 ) and i— > 1/2(0 — «0J x ), respectively. The 
inner product ( , } on V identifies V with Kom^V, K) and the combined isomorphism 

V -=-> Hom K (V, R) -=-> Hom c (F, C), (3.2) 

which sends w G V to l/2(<f) w — i^J' 1 ) with 0„,(v) = (v,w), is a complex isomorphism. 

Applied fiberwise to the vertical tangent bundle T^i? of an embedded surface bundle, define 

Tl'°E := HomcfT^, C), T^E := Hom c (r r B, C) 

so that 

C°°(E,T n E) = C co (E,T^ E)®C oo (E,T°' 1 E). 

The fiberwise exterior differential from C°°(E, C) into C°°(E,T' n E) decomposes accordingly. The 
second component is 

9: C°°(.E,C) -> C^iE^^E), 

which on a fiber F of tt: E — > £? is given locally by 90 = §f<i5 with respect to a complex coordinate 
on F compatible with J. 

More generally, if W is a complex vector bundle on E then (possibly after choice of connection) 
one has the associated operator 

B w - C°°{E,W)^C' X '{E,T°' 1 E^W). 

The symbol cr(dw) is identified as 

a(dw) = $([W}) = \ t *e • [W] £ X(Th(T T £)), (3.3) 

cf. [8, §4]. This class is independent of choice of connection. The (virtual) index bundle is 

index(9\y) = ker(9\y) — cok(9w). 

It defines a class in K(B), and the index theorem of [9] asserts that 

[mdcx(dw)} = TT<(cr(dw)) G K{B). (3.4) 

The push-forward m : K(Th(T n E)) -» K(B) of [9] is related to our tt* : -> i<T(B) via the formula 

7r.([W])=7ri($([Wn)). (3.5) 

Hence (3.4) has the alternative formulation: 

[index 9m/] = tt*([W]), (3.6) 

and the classes of (2.4) are given by 

s„(7r*[W]) = s„ (index 9\y), (3.7) 

for [W] = 1 and [W] = [T^E] — 1, respectively. We have left to identify index(9) in terms of the Hodge 
bundle. The result is: 

Lemma 3.8. (i)ker9 = BxC, 

(ii) cok9 = H(E), the Hodge bundle, and tt*(1) = 1 - [H(E)]. 
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Proof. On a fiber F of tt: E — > B, the kernel of d\p consists of the holomorphic maps from F to C 
which, since F is a closed Riemannian surface, are the constant maps. This proves (i). The cokernel 
of d\p is 

cok<9| F = H 1 (F;0), 

where O is the sheaf of holomorphic maps, see e.g. [15, Thm. 15.14]. On the other hand, by Serre 
duality 

H\F;0) =Hom c (ft(F),C) 

where Q(F) is the vector space of holomorphic 1-forms, [15, Thm. 17.9]. 

We used the Hodge ^-operator to give the space H l (F; K), of harmonic 1-forms, a complex structure, 
isometric w.r.t. the inner product given by Poincare duality. The isomorphism 

H\F-V) -^-fi(F), 

given locally by sending the harmonic 1-form (j)dx + ipdy to (<f> — iip)dz , is conjugate linear. This yields 
the complex linear isomorphism 

(H 1 (F; R), *) ^Hom c (ft(F),C). 

Since the Hodge bundle is 

Pimc(E)x 0iB(F) (H 1 (F;R),*) 
this proves (ii). □ 

4 The main diagram 

Let E C B x M 2n+1 be an embedded, oriented surface bundle as in §1, classified by 

N"E Li 



E — > CP™ , 

and inducing the map 

t: Th(N w E) -> Th(Z^). 

Let 

w : Th(L^) Th(L„ © L^) — CP™ A S 2 "+ 2 (4.1) 



be the inclusion along the zero section of L n . The elements 7r*(l) and ir*(T 7! E — 1) of K(B) are 
explicitly given by the formulas 



^(l) = <S> B 1 c E i*{\ Li ), 

1 * r* # / t \ \ ' / 



n*(T*E - 1) = Si^fw'Scp-O&n), 

where : K(X) — ► A S' 2 ™ +2 ) is the Thorn isomorphism for the trivial bundle on X, and 

c E - B + A S 2n+2 -> Th^E) is the collapse map of (2.3). For the second formula in (4.2), note that 
w*(A L+i x) = (l-L)A£. 

We now describe the key relation between the elements A^and u->*<I>cp™ (L n ) which eventually leads 
to the proof of Theorem A. 
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Given an n-dimensional complex vector bundle W on X, 

Q k {W)&K{X)®1[\] 

is the if-theory characteristic class defined by 

i> k (X w ) - k n g k (W)X w , 

where tp k is the fc'th Adams operation. Then 

Q k {V®W) = g k (V)g k (W), 

g k (L) = 1(1 + L + • • • + L k - 1 ), L a line bundle. 

Define the operation r k by the diagram 



K(X) 



K{X)®Z[\] 



-> K(X+ A S 2 ) 



1+* 



(4.3) 



-> 1 + K(X+ A S 2 ) ® Z[±] . 



It is additive, 



r k (V®W) = r k {V)+r k (W), 

and for a line bundle L it is given by the formula (with L the conjugate line bundle) 

L k-2 + 2L k-3 + ... + (k-2)L + (k-l) 



r k {L) = 



1 + L + --- + LI*- 1 



(4.4) 



This follows easily upon using that $ in (4.2) is (exterior) multiplication by Ac = L\ — 1 in K(S 2 ), 
together with the equation 

(L - l)(L k - 2 + 2L k - 3 + \- (k — 1)) = (1 + L + h Z/ fe_1 ) - fc, 

cf. [23, Prop. 6.2]. Since uj*(X Ln(SL ±) = (1 - L n )X L ±, we get 

(fc-> fe - id)(A L x ) = u* (r k (L n )X Ln@Li ) . 



(4.5) 



This relation can also be expressed as the homotopy commutative diagram below, where (Z x BU)[j] 
is the classifying space of K(X) <g> Z[-jr], i.e. 



K(X)®Z[ft=[X,(ZxBU)[ft] 



for compact X. The diagram is 



Th(L- 



T A q 2n + 2 

-> CP^ A S 2 "+ 2 — > (Z x A S 2n + 2 



x B[7 """^ M > (Z x SC/)[i] <- 



r fc AS 2 "+ 2 

x BC/)[i]AS 2 "+ 2 , 



(4.6) 



with s: (Z x BJ7) A 5' 2 ™ +2 BE/ induced from multiplication with A C n+i G X(5 2 ™+ 2 ). 

In order to make the above diagram independent of the embedding dimension, we pass to spectra 
and their associated infinite loop spaces, cf. [3], [2]. 
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We remember that for a (pre) spectrum A = {A n ,e n } the associated infinite loop space is 

Q°°A = colim. fl n A n 

where the maps fl n A n — ► fl n+1 A n+ i comes from the adjoint e' n : A n — > QA n+ i. If A is an (£!-) 
spectrum, i.e. if e' n : A n — ► fM n+ i is a homotopy equivalence, then ~ Aq. The spectra relevant 

to us are /Tt7 and MT(2). They have (2n + 2)'nd spaces: 

(s°°r) 2 „ +2 = rA5 2 "+ 2 , 

#t/ 2 „+2 = Zx BU, 
MT(2) 2 „ +2 = Th(L^). 

Applying f2 2n+2 (— ) to (4.6) and taking colimit over n leads to the following homotopy commutative 
diagram of infinite loop spaces, where we use the standard notations: Q(Y) = SI 00 !! 00 !" and X + = 

0°°MT(2) > Q(CP^) — > Q(Z x BU) 

X-L Q(r k ) (4-7) 

ZxBU ^' id ) Z x BC/[i] < Q((Z x B[/)[±]) . 

The map E 1 : Q(Z x £>£/) ->Zx _BJ7, and its localised version with k inverted, is a consequence of Bott 
periodicity f2 2ll (Z x BU) ~Zx BU. More generally, for any fi-spectrum A — {A n ,e n }, the maps 

n n (A AS n )->n n A n ^A 

determines a (weak) homotopy class E: Q(A ) — > A . 
The composition 

to ce'- B + A S 2n+2 — > Th(A r7r _E) — > Th(i^) 

of an embedded surface bundle is the (2n + 2)'nd component of a map of spectra 

eg: S°°(S + ) MT(2). 

Its adjoint is 

a E : Q{B+) Q °° CE > ft°°MT(2), (4.8) 

where is is the inclusion. 

With these notations, the two elements of (4.2) are represented by the homotopy classes 



B n°°MT(2) Z x BU, 

B -2* + Q°°MT(2) -0U 0(CP^°) -^-> Q(Z x SC/) Z x BU. 



(4.9) 



Theorem A is proved by evaluating (4.7) on cohomology, but to accomplish this one needs to 
examine the diagram 



Q(Z x BU) > Z x BU 



Q(r" 



(4.10) 



Q({ZxBU)[±\)-^{ZxBU)[\ 



on the cohomological level. Unfortunately, (4.10) is not a homotopy commutative diagram: r k is only 
twice deloopable but not an infinite loop map. 

We may restrict (4.10) to the zero component BU — {0} x BU C Z x BU, and localise at a prime 
p with (k,p) = 1. 
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Key Lemma 4.11. For (k,p) — 1, the cohomological diagram 

Prim H* (Q(BU (p} ) ; Z) Prim H* (BU {p) ; : 



Q(r k ) 



(r k y 

E* 



Prim H* (Q(BU (p) ) ; Z) Prim H* (BU (p) ; Z) 

is homotopy commutative. 

Here Prim( ) denotes the primitive elements in the Hopf algebras, e.g. 

Prim H 2n (BU( p y,Z) = Z (p )(s„), s„ = n!ch„, 

where Z( p ) C Q are the fractions with denominator prime to p. The lemma is proved in the next 
section. 

5 The key lemma 

This section deals with the non-commutativity of diagram (4.10). Our method is to use the Artin- 
Hasse logarithm of [33]. To this end we single out a prime p and only consider g k and r k for (k,p) = 1. 
Let us write K^(X) = K{X) ® Z( p ). We have the group homomorphism 

Q k :K {p) {X)^l + K {p) (X) 

where the group structure on the target is tensor product of virtual vector bundles of dimension 1. 

The representing space for K(X) is BU® = {0} x BU . This is the infinite loop space associated to 
the connected if-theory spectrum bu® of [3]. The representing space for 1 + K(X) is BU® = {1} x BU. 
This is the infinite loop space of a spectrum bu®, constructed from the abstract theory of infinite loop 
spaces [11], [26], [31]. The map 

is an infinite loop map by [24], i.e. it lifts to a map of spectra bu® p ^ — ► bu® p y 
The Artin-Hasse logarithm 

L {p) :l + k {p) (X)^k (p) (X) 
is for compact X defined by the formula 



1 00 

L {p) {l-x) = - £ -£*V), 



n 

(n,p)=l t=0 

where 8 P : K( p ^(X) — > K( p ^(X) is the operation 

and 9 1 (x) = x. It exists in K^(X) because ip p is multiplicative and ip p (x) = x p (mod p), and it is 
uniquely defined since K(BU) is torsion free. Note that rationally, 

L (p) (l - x) = - lj log(l -x)€ k(X) ® <Q>. 
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It is the double loop of L( p ) we are interested in, i.e. in the map Z( p ) defined by the diagram 

1 + K (p) (IAS 2 ) K {p) (X A S 2 ) 

Si 1+$ 

k (p) {x)- — >k (p) {x) . 

Lemma 5.1. The map l( p )is given by the formula 

l(p){x) =x + ip p (x). 

Proof. All products vanish in reduced if -theory of a suspension, so 

oo 

-L (p) (l - xA c ) = ^V p *(zA c ) = x\ c + ^ p (x\ c ) 

* = ° =x\ c +iP p (x)q p (1)\ c 
- (x + i> p {x))\ c 

Strictly speaking, this calculation only makes sense when Kr p ^(X) is torsion free. But this is the case 
when X = BU. In general the formula follows by naturality from this case. □ 

Based on the criteria from [24], torn Dieck showed in [33] that 

L (p y.BSUf p) ^BSUf p) 

is an infinite loop map. The composite L( p ) o g k from BSU^ to itself is then also infinitely deloopable. 
Taking double loops implies that 

BE/* ± BU (p) ^ BE/* 
is an infinite loop map, and the diagram 



Q{BU (p) ) -^-U Q(BU (p) ) Q{BU {p) ) 



BE/( P ) > BE7( P ) — y BE/( P ) 



(5.2) 



is consequently homotopy commutative. Lemma 5.1 shows that i( p ) induces isomorphism on homotopy 
groups, so is a homotopy equivalence. 

Lemma 5.3. The maps Z( p ) and Q{l( p )) induce the identity on cohomology with F p coefficients. 
Proof. It suffices to check that 

l (p> : B*(BE/ (p) ;F p ) -» B*(BE/ (p) ;F p ) 

is the identity, since H*(Q(X);¥ p ) is a functor of H*(X,W p ). 

The Adams operation ip p induces multiplication by p n on H2 n (BU/ p y,'I 1 ), so induces the zero map 
on B*(BE7(p); F p ). By Lemma 5.1, Z( p ) = id. □ 
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We need an integral or p- local version of the previous lemma. This requires some infinite loop space 
theory, namely the Pontryagin p'th power homology operations (Frobenious operations), 

V: H n (X;Z/p r ) - H pn (X;Z/p r+1 ). 

They are defined when X is infinite loop and are natural with respect to maps in that category. The 
key property is that g r V(x) = x p , where g r denotes reduction to Z/p r coefficients. The reader is 
referred to [23], [13] and the present appendix for properties of V . 

If X is a space with multiplication m: X x X ^ X, e.g. an infinite loop space, a cohomology class 
7 £ H*(X;Z( p j) is called primitive if 

m *{l) = Ml ® 7 + 7 ® 1) 

where 

H*(X;Z {p) )®H*(X;Z (p) ) -> H*(X x X;Z {p) ) 

is the exterior product. 

Theorem 5.4. Let X = Q(Y) where Y is a space of finite type, and let 7 £ H*(X;Z^) be a primitive 
cohomology class such that 

(i) 01(7) =0 inH*(X;Z/p), 

(ii) i*{~f) — 0, where i is the inclusion i:Y^ Q(Y), 

(iii) (7,P' r »(c)) = in Z/p r+1 for all c £ H*(X;Z/p). 

Then 7 = 0. □ 
The proof is deferred to the Appendix. 

Corollary 5.5. Let and Q(l( p )) be the maps from (5.2), and s n = n! ch„ € H 2n (BU( p y,Z). Then 
l( P )(sn) = (l+P n )*n and Q(l {p) )*E*(s n ) = (1 + p n )E*(s n ). 

Proof. The first equation follow because s n is primitive and ip p (s n ) — p n s n . We have Q(l( p )) = 
id +Q(ip p ), so it suffices to show that 

7 = p n E*(s n )-Q(^yE*( Sn ) 

is the zero class in H 2n (Q(i?J7( p )); Z) . We check the three conditions of Theorem 5.4. The first 
condition is satisfied because i*Q{l( p )) = l( p ), the second condition by Lemma 5.3. 

The third condition that 7 vanishes on iterated powers of V is also satisfied. Indeed, both E and 
Q{tp p ) are infinite loop maps, so commute with V . Moreover each x £ H st {BU( p y,Z/p) is the reduction 
of an integral class x, so V^ r \x) = g r +i(x) p which is annihilated by the primitive class s n . □ 

The Key Lemma 4.11 is an obvious consequence of diagram (5.2) and Corollary 5.5. 

6 Proof of Theorem A 

Our first objective is to evaluate 

(r k )*: Prim H*(BU (p) ;Z) PnmH*(BU (p) ;Z). 
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We begin with some notation from [1]. Let W be a complex vector bundle on X of dimension m. 
Define bh(W) E H*(X;Q) by 

ch\ w = {-l) m bh(W)U w , (6.1) 

where Uw € H 2m (Th(W); Z) is the cohomological Thom class. If m = 1, = ^p-, where x is 

the first Chern class of W. 

Let tpjj be the endomorphism of H 2 *(X;Z) that multiplies by fc n in degree 2n, so that ch o tp k = 
ipjj o ch. We need the relations 

i) k H (bh{W)) = ch(g k (W))bh(W) 

00 (6 2) 

\og(bh(W)) = ich 1 (^) + ^(-l)"- 1 (B„/2n)ch 2 „(^). V • ' 

71=1 

The first one follows by applying the Chern character to the defining relation ip k {Xw) = k m g k (W) Xw ; 
the second relation is from [1, Lemma 2.4]. 

Lemma 6.3. The map 

(r k )*: PrimH 4n - 2 (BU (p) :Z) -> Primff 4 "- 2 (B£/ (p) ; Z) 
is multiplication by (-l)™ _1 (fc 2n - l)B n /2n. 

Proof. The Hurewicz homomorphism onto the module of indecomposable elements 

K(S 2m ) ^ QH 2m (BU;Z) 

is non-zero, so the paring 

K(S 2m ) <g> Prim H 2m (BU; Z) Z 

is non-degenerate. Thus it suffices to evaluate (r fc )* on ^( p )(5' 4 " _2 ), or equivalently, (g k )* on AT( p )(S' 4 ™). 
We use that 

ch„: K(S 2n ) -» tf 2 "(S* 2 ";Z) 

is an isomorphism. This is clear for n — 1 and follows in general since ch preserves exterior multipli- 
cation. 

Let u € K( p }(S 4n ) and set g k {u) = X 2n ■ u. The first equation in (6.2) gives 

V>f (log&/j(u)) - logW»(u) = logch( £ » fe (u)) 

= log(l + X 2n ch 2 „(u)) 

In degree 4n, the left-hand side is (k 2n - l)(-l)"- 1 (B„/2n) ch 2 „(u), so X 2n = (-l) n - 1 B n /2n as 
claimed. □ 

The two maps displayed in (4.9) takes value in the (k — 1)(1 — <?)-component of Z( p ) x BU( p ) for 
surface bundles of fiber genus g. Theorem A is a consequence of diagram (4.7), composed with cxe, 
evaluated on s 2n -i £ H in ~ 2 (BU( p y,Z). 

We begin by comparing the cohomology classes obtained by evaluating the two maps 

/ : B Q(CP~) -^U Q(Z x BU) Z(p) x BU (p) ^ 

B uoc^ Q^poo) Q(z x m) Q{rX Q( Z(p ) X SC/ (p) ) Z (p) X SC/ (p) 



on s 2n _! 6 H*(BU( p y,Z). By (4.2) the first map represents n^iT^E— l), the second is one of the two 
maps in the homotopy commutating diagram (4.7). 
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The middle map Q(L) is the sum of two: 

Q(L-1):Q(CP°?)^Q(BU), 
Q(l): Q{CP™)^Q{ZxBU), 

and Q(l) factors over the projection of Q(CP+ ) on Q(S°). The composite 

u: Q(S°) -» Q(Z x B£7) ^ZxBU 

is the infinite loop map of the connective unit in the if -theory ring spectrum ku. Similarly SoQfr (1)) 
is the projection onto Q(S )) composed with uu = ^-u. 

Lemma 6.5. For odd primes p, u*(s2 n -i) = in H* (Q(S a ); Z( p \) . For p — 2, 2u*(s 2n -i) = in 
H*(Q(S°);Z {2) ) andLU*u*(s 2n -i) = in H*(VL°°MT{2)-Z {2) ). 

The proof is deferred to the end of the section. The lemma implies that in (6.4) we may replace Q(L) 
with Q(L — 1) : Q(CP+ ) — ► Q(BU) without affecting the evaluation on s 2 „_i. With this replacement, 
Lemma 4.11 and Lemma 6.3 combine to give 

g*{S2n-l) = (-l)"- 1 ^ 2 " - l)B n /2n ■ f* («2n-l). 

The other map in (4.7) is 

h: B — ft°°MT(2) ZxBP ^!zii^ z x 

where, by (4.9), \-l ° &e represents 7r*(l). Since (ktp k — id)* multiplies s 2n ^i by (k 2n — 1), 

h*{s 2n -i) = (fc 2 "-l)s 2 „-i(7r,(l)), 

and by (4.7) h*(s 2n -i) = g*(s 2n -i)- This gives the equation 

(k 2n - l)* 2n -i(7r.(l)) = (-l)"- 1 ^ 2 " - l)S„/2n- s 2 „_ 1 ( 7 r,(r r E- 1)) (6.6) 

in H*(B;Z (p) ). 

Proof of Theorem A. For p odd, pick k e Z to represent a generator of the multiplicative group of 
units (Z/p 2 )*. Then 

(k 2n - 1) = Dcnom( J B„/2n) - A, A G Z* p) 

and (6.6) gives 

Denom(S„/2n)s 2 „-i(7r*(l)) = (-1)™" 1 Num(B„/2n)s 2 „_ 1 (tt^WE - 1)) . 

If p = 2, pick fc = ±3 (mod 8). Then 

(fc 2 ™ - 1) = 2Denom(B„/2n)A 

for a 2-local unit A and we get an extra factor of 2. Since 

-S2n-i(7r*(l)) = s 2n -i( / H(E)) =: s 2n -i(E) 

by Lemma 3.8, and 

R n (E) = Sn^^T^E - 1)) = s n (index d^E-i)- 
This completes the proof. □ 
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We close the section with 

Proof of Lemma 6.5. Pick k to generate (Z/p 2 )* when p is odd, and k = ±3 (mod 8) for p = 2. 
Define spaces Jr(p) and Jc(p) to make 

Jr(p) SO(p) — — ^ BSpin (p) 

Jc(p) St/( P ) SC/ (P) 

homotopy fibrations. The space Q(S decomposes as a product 

Q(5 ) (p) ~ (Z (p) x J R (p)) x cok J K (p) (6.7) 

and X(cok Jr(p)) = 0, see e.g. [24], [27]. Complexification induces a map c: Jr(p) — > Jc(p), and there 
is a homotopy commutative diagram 

0(5°) >1 {v) x J R (p) 



-(p) 



x BU {p) t^—7L (p) x J c (p) . 



The endormorphism (-0 fc — id)* of H*(BU( p y, Z) multiplies the primitive generator S2n-i by (fc 2rl_1 — 1). 
This is a unit of Z( p ) if p is odd, and twice a unit if p = 2. Thus 2i£(s27i-i) = in all cases, and the 
diagram implies 2u*{s 2n -\) = 0. 

For p = 2, we must further show that w*u*(s 2 „-i) = 0. To this end, recall the fibration sequence 

n°°MT(2) -^-> Q(CP^°) ^(S" ), 

where 9 is the S 1 -transfer, [30], [32]. On the component Q(S°) of Q(CP^) = Q(CP°°) x Q(S°), d 
is the map rj: Q(S ) — ► 0<5o(S l °) induced from the stable Hopf map rj: S n+1 — > S 1 ™. Applying the 
splitting (6.7), and the diagram 

J R (2) ► BO {2) — BU {2) 



n 



n 



ftJ K (2) > SO 



(2) > 



it suffices to check that the cohomology classes c* (s2 n -i ) € -ff * (BO( 2 ) ; Z) lie in the image of 77 : if* (S , 0( 2 ) 
if* (BO(2) ; Z) . We can use the homotopy fibration sequence 



(which induces the Bott-sequence 



BU ^ BO SO ^ SU 



-1 



> if (X) — ■* ifO(l) — >ifO (X) — ► ) 

to examine this question. 

The Serre spectral sequence of the homotopy fibration BU — ^ BO — 50 has vanishing differ- 
entials, so that 

H*(BO,¥ 2 ) = H*(BU,F 2 ) ® H*(SO;¥ 2 ) (6.8) 

Indeed H*(SO;¥ 2 ) = ¥ 2 [xi,x 2 , . . .], so that the E 2 -term has the same dimension in each degree as 
the abutment H*(B0 1 ¥ 2 ); this leaves no room for differentials. 
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In integral cohomology, both H*(BO;Z( 2 )) and H*(SO;Z( 2 )) contains only torsion of order 2, and 
the Bockstein exact sequence implies that the vertical maps below are injective, 

H*(SO;Z {2) ) H*(BO;Z {2) ) 



H*{SO;¥ 2 ) — — >H*{BO;¥ 2 ) . 
The generators x 2 k-i S H 2k ~ 1 (SO; F 2 ) are primitive and from (6.8) it follows that in odd dimensions 

T]*: Prim H*(SO;¥ 2 ) -=-» Prim H*(BO;¥ 2 ) 

is an isomorphism. Hence with F2 coefficients 

V*(4n-i) = c*(*2n-i) m H*(BO;¥ 2 ). 
Since x\ n _ x is the image of a class in H*(SO;Z( 2 < ) ), this completes the proof. □ 

7 Discussion of Akita's conjecture 

For a surface bundle n: E — > B, we have the standard MMM-classes 

n n (E) = TT*( Cl (T*E) n+1 ) e H 2n (B;Z) 

where 

tt»: H*(E;Z) -> H*- 2 (B;Z) 

is the cohomological push forward homomorphism. This section discusses the relationship between 
these classes and the classes n n {E) that appear in Theorem A. 

Given a spectrum A = {A n ,e n } with associated infinite loop space Sl°°A, one has the cohomology 
suspension map 

a*: H k (A;Z) -> if fe (ft°°A; Z). 

The source is the spectrum cohomology, 

H k (A;Z) = \imH k+n (A n ). 

and a* is induced from the evaluation S n fl n A n — > A„. Dually, the homology suspension is the homo- 
morphism 

<7„: H k (n°°A;Z) ^ H k (A;Z). 

In terms of the cohomology suspension, the standard classes have the following description 

K n (£) = (woa B )V(e n ) (7.1) 

where 

£ O 00 -^,Q(CP^°) 

and e = Ci(L) is the Euler class of the tautological line bundle on CP 00 , cf. [17, Thm. 3.1]. 

Fix an odd prime p. We shall compare K n (E) and R n {E) first in H*(B; ¥ p ) and then in H*(B; Z( p )). 
We remember from sect. 6 that 

R n (E) = (Ljoa E yr(s n ), (7.2) 
where /: Q(CP^) -A Q(CP°°) q(L-1) . Q(Btf) St/. 
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Lemma 7.3. In H*(B;Q), K n (E) = (-l) n R n (E). 
Proof. There is a homotopy commutative diagram 



Q(CPy) Q(L 1} ) Q{BU)- — >BU 



CP 00 — > BU 




with i being the inclusions. Thus 

z*Q(L - l)E*(s n ) = s n {L) = (-l)" Cl (L)" ■ 

But i*cr* = id, so 

i*a*(e n ) = e n = Cl (L) n . 

Since i* : H*(Q(X);Q)) -> H*(X; Q) is an isomorphism, the claim follows. □ 

We shall next consider the classes K n and R n in mod p cohomology, p odd. This requires infinite 
loop space theory, or more precisely the theory of homology operations on the category of infinite loop 
spaces. We restrict ourselves to odd primes p, leaving the case of p = 2 for the reader to work out. 
These are homomorphisms 

Q l : H k (fl°°A;W p ) - H k+Mp _ 1} (f>°°A; F p ), 

natural with respect to infinite loop maps (i.e. maps induced from maps of spectra). 

For any (pointed) space X, the mod p homology of Q(X) is a functor of the mod p homology of X 
via iterated homology operations and Bocksteins, 

Q 1 = f3 £l Q ll {3 £2 Q t2 ■ ■■p £k Q lk (ej = or 1, ij e N), 

applied to the classes of H*(X;F p ) C H*(Q(X);W p ) , cf. [13, I]. 

Assuming X is connected, H*(Q(X);F P ) is the free associative, graded commutative algebra on 
generators Q I (x) subject to the following conditions for I = (e\, i\, S2, 12, ■ ■ ■ , £fe, ik)'- 

k 

ij-i<pij-Sj, 2si - ^2(2sj(p - 1) - Sj) > degx, (7.4) 

where x € iJ*(X;F p ) C i?* (Q(X); F p ) runs through a homogeneous vector space basis. There is a 
similar statement for non-connected X, cf. [13, I, Thm. 4.2]. 
It is well-known that 

(T,: H k (Q°°A;¥ p ) H k (A;¥ p ) 

annihilates products, and indeed all classes of the form Q l (x). The second statement follows by 
iterating the homomorphism 

(7*: H k (n°°A;¥ p ) - H^tl 00 - 1 ^ F„). 

Indeed cr* commutes with homology operations, and Q 1 {x) — for 2i < deg(x). The consequence we 
shall use is the following. 

Lemma 7.5. The classes a*(e n ) e i7 2 "(<5(CP^°); F p ) vanishes on all elements Q 1 (a n ) where a n £ 
H2n(CP°°; F p ) is the generator. 
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For infinite loop spaces X — fl°°A, the structure map E: Q(X) — * X is an infinite loop map so that 

H,(Q(X);¥ P ) H,(X;¥ P ) 

commutes with homology operations; the element Q 1 {i*(xj) in iJ* (Q(X); F p ) is mapped to Q I (x). 
This will be applied to £: Q(Bf7) -> SC/ below. 

Let a n € 7f2n(CP°°; Z) be dual to e n , e = C\(L), and denote also by a n its image under 

L - 1 : CP 00 -» SC/. 

Then H*(BU ; Z) is a polynomial algebra on the classes o„. Reducing to F p coefficients, [20, Theorem 6] 
proves the formula: 

Q j (a n ) = (-l) J+ "~ 1 ( J ^ 1 )«n+.j(p-i) + decomposables, (7.6) 

where (£) = b \^L b ^ is the binomial coefficient reduced to F p . 

We are now ready to compare the classes n n and R n in ff 2n (f2°°MT(2);Z). I will just do one 
concrete example, but using the results from [16] it is clear that K n ^ n n for many values of n. 

Proposition 7.7. Let p be an odd prime. 

(i) The classes pn n and {-l) n pR n agree in i?*(0 oo MT(2);Z (p) ). 

(ii) K2p-i + -K 2p -i in H*(Q°°MT(2);F p ). 

Proof. The vanishing of p{n n — (— l) n R n ) follows from Theorem 5.4. To prove (ii), we use the homotopy 
fibration 

n°°MT(2) -0U Q(CP^°) nQ(S°) , 

localised at the prime p. The space QQ(S°)( P ) is (2p — 5)-connected, and a\ E i?2(CP°°;F p ) C 
iJ2(<3(CP+ );F p ) is in the image of w*, a\ — w*(ai). Then 

(S 2p -i,Q 2 (ai)) = (s2 P -i,Q 2 (ai)) 

where the right-hand side takes place in (co)homology of BU . By (7.6), 

(K2p-1, Q 2 («l)) = (S2p-1, Cl2p-l) ^ . 

On the other hand, (/t 2p -i, Q 2 (ai)} = since cohomology classes in the image of the suspension 
homomorphism annihilates homology operations. □ 

Note that the proposition above give a counterexample to Akita's conjecture, stated in the intro- 
duction. This follows from [25] where it is proved that the map 

Z x BDiS(F g ) -?U n°°MT(2) 

is a homology isomorphism in degrees less than (g — l)/2. This implies that there are surface bundles 
(of fiber genus at least 8p — 3) where R,2 P -i(E) ^ — K2 P -i(E). 

8 Appendix on p-power operations 

This section is devoted to a proof of Theorem 5.4. The properties enjoyed by V can be found in [22, 
sect. 1] and [13, sect. 1.7], which the reader may consult for more details. 
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In this section X will be a connected infinite loop space. The Z( p ) -module H*(X; Z( p )) is in one to 
one correspondence with the module of commutative diagrams 



H*(X;Z/p°°) 



, Z/p°° = Q/Z {p) . 



The submodule of primitive elements Prim7J*(X; Z( p )) corresponds to the diagrams 

QH*(X;Q) >Q 



QH*(X;Z/p°°) >Z/p°° 

where QH«(X; ?) denotes the module of indecomposable elements, cf. [22, Lemma 1.3]. 
Let E r {X) denote the mod p Bockstein spectral sequence associated to the exact couple 



H*{X]Jj( p )) 



-*#*(*; Z (p) ) 



(8.1) 



H*(X;Z/p) 

where (3\ is the primary Bockstein operator. More generally, if 

0: H*(X;Z/p°°) ^ H*(X;Z {p) ) 

is the universal Bockstein then (3 n — (3 o i n with i n induced from Z/p n C Z/p°°. Reduction mod p 
defines a surjection of algebras 

f:H*(X;Z/p r )^E r (X). 



Its kernel is given by 



Ker(j r ) = Im(p») + Im(g r o /3 r _i) 



(8.2) 



where g r is reduction to Z/p r coefficients and : H*(X; Z/p r 1 ) — > H*(X; Z/p r ) is induced from the 
inclusion of coefficients. There are commutative diagrams 



H*{X; Z/p r ) -^—5- E r {X) 



H^X-^lp"- 1 )- >E r - 1 {X) 



Qr°Pr 



(8.3) 



H*{X;Z/p r )^^E r {X) 



H*(X;Z/p r ) 



-> E r (X) 



Suppose now that X = Q(Y) as in Theorem 5.4. The Bockstein spectal sequence in this case is 
easy to describe, given the description of H*(X; Z/p) in terms of homology operations applied to the 
subspace H*(Y;Z/p) C H*(X;Z/p): E 1 (X) is a tensor product of two types of differential algebras, 
namely 

(i) P{yi} <8> E{xi}; d x yi = xi and degy/ even, 

(ii) E{zi} <g> P{yi}; (fzi = yi and degyi even. 
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The first spectral sequence has E 2 = P{y p } ® E{y P j 1 xi}, the second has E 2 = Z/p, and d 2 (y p ) = 
y p ^ 1 xj. More generally, in case (i) 

E r+1 = P{yf} ® Eiyf^xj}, d r+1 (yf) = yf^xj . (8.4) 

There is a slight modification needed for p — 2, cf. [13, p. 49] or [22], which we leave for the reader. 
The Bockstein spectral sequence for X = Q(Y) is from the S 2 -term on a tensor product of the spectral 
sequences (8.4) with yj = Q I {y), 

I = (ii,ei,i 2 ,£2,---,£k,ik), ij-i <pij 

k 

2 *i - Y,( 2t i(P £ i) > de ^' ( 8 - 5 ) 

i=2 

degQ J (y) = (mod 2), 

and with y running over a vector space basis for H*(Y;Z/p). This description of E r (X), X = Q(Y) 
follows easily from the formula for H*(X;Z/p) given in sect. 7, see also [13, I, Thm. 4.3]. 

Proof of Theorem 5.4 Let X = Q(Y) with Y connected and of finite type, and let 7 be a primitive 
element of H*(X; Zt p \) which satisfies the three conditions (i), (ii) and (iii) of Theorem 5.4. The class 
7 corresponds to a diagram 

QH*(X;Q) >Q 



QH*{X-Z/p°°)^^Z/p°° . 

We remember that the inclusion i: Y — > Q(Y) = X induces isomorphism in rational homology. As 
condition (ii) asserts that = 0, 

7# : QH t (X;Q)^Q 

is the zero homomorphism. It remains to show that the lower horizontal 7# vanishes. Assume induc- 
tively that 

j^:H*(X;Z/p r )^Z/p r 

is zero. This is true for r = 1 by condition (i). We must verify it for r replaced by r + 1. Consider 

j r+1 : H*(X;Z/p r+1 ) -» E r+1 (X). 

Its kernel is given in (8.2) and the inductive assumption shows that 7^T +1 - ) also vanishes on Im(g r+ io/3 r ), 
so 7# +1 ' ) factor over E r+1 (X), in fact over QE r+1 (X) since 7 was assumed primitive. By (8.4), and 
(8.5) 

QEr+\X) = Z/p(yf) Z/p{yf- 1 x 1 ) . 
i,y 

The diagrams in (8.3) show that 

f +l (r {p) (yi)) = yf, j r+1 (g r+ iPr + ir ip Hyi)) = yf' 1 ^ ■ 

By condition (iii), 7#('P^(t/j)) = and 7# annihilates Q r+ ij3 r+ {P^ p \yi) since 7 was an integral 
class. □ 
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